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In this study, data on charged-pion production in relativistic oxygen-ion collisions are examined
with varying degrees of centrality. Using the multiplicity of producing charged pions, it is

proved that there is a relationship between centrality degrees and collision parameters (such as

the impact parameter b, target size fragments, Nh and the total charge of projectile spectators,
QÞ. The various order moments of the multiplicity distributions are used in the standard way to

investigate the underlying correlations. The evidence suggests that all the pions produced at the

various target sizes (Nh-values) correlate. The higher moments are also investigated at various

centrality classes decided by the parameterQ. The multiplicity °uctuations, as measured by the
variance-to-mean ratio, showed that the multiplicity distributions of produced pions are not

Poissonian, regardless of how they were examined using the two parameters Nh and Q-values.

Keywords: Nucleus–nucleus collisions; charged-pion production; projectile fragmentation;

multiplicity distributions; various moments.

PACS Number(s): 25.75.�q, 25.70.Mn, 25.70.Pq, 29.40.Rg

1. Introduction

Recent years have seen signi¯cant progress in the study of high-energy nuclear col-

lisions in both nuclear and particle physics. According to whether the kinetic energy

per nucleon is close to the nucleon's rest mass, just around 1GeV (relativistic
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collisions), or much larger than the nucleon's rest mass (ultra-relativistic collisions),

these collisions are typically divided into two di®erent domains: relativistic and

ultra-relativistic collisions.1–3 In search of the new phase of matter known as the

Quark–Gluon–Plasma predicted by the various theories, research into these colli-

sions is growing more popular.4,5 The production of many particles per event during

collisions of heavy ions at relativistic energies is one of the primary bene¯ts, as it

helps to study each event separately for further observations. As essential tools for

understanding the mechanisms of particle production and exploring the QCD

(theory of strong interactions) phase transition, event-by-event °uctuations in

thermodynamic quantities have been proposed. The variations of experimentally

observable quantities, including temperature, particle ratios, mean transverse mo-

menta, and particle multiplicities, are correlated with the thermodynamic char-

acteristics of the system, including speci¯c heat, entropy, chemical potential and

matter compressibility.6

The initial overlap region of the colliding nuclei is directly related to centrality,

making it a crucial parameter in the study of the characteristics of QCD matter. The

impact parameter b, which measures the separation between the centers of the two

colliding nuclei, gives it geometric de¯nition. As a result, centrality is correlated with

the percentage of the geometric cross-section that overlaps. The participant-spec-

tator picture7,8 is the most used to describe the collision geometry in nucleus–nucleus

collisions with energies greater than 1GeV/A.

The quantity that best describes the system created by heavy-ion collisions is the

multiplicity of the produced particles. By adjusting the impact parameter between

the two colliding ions, which also alters the size of the collision volume, it is possible

to learn more about the particle production in heavy ion collisions. The most sig-

ni¯cant inelastic channel in relativistic heavy ion collisions is pion production,9 which

is the subject of our attention. The yield of pions in the ¯nal state is correlated with

the temperature of the reaction zone via the population of intermediate resonances.

Consequently, pions are important in the e®ort to understand the properties of

nuclear matter even though they are not related directly to the equation of state

(EOS). Additionally, the production of precisely identi¯able pions is the predomi-

nant production process at Dubna energy (a few GeV/A).10 In contrast to nucleons,

which are merely liberated during collisions, pions must be generated during the

collision process, which makes them extremely intriguing. As a result, they may

supply direct insight into the fundamental mechanics of the collision process.

In early studies on the pion production mechanism,11,12 which explored how the

cross-section varies with the mass of the target, the pion production cross-sections

were parameterized in the form: � ¼ An
T , where AT is the mass number of the target.

An A
1=3
T dependence for pions with laboratory momenta less than 1GeV/c supports

peripheral production, while a dependence on pions with momenta greater than

1GeV/c suggests that the pions are formed in more central collisions.

The emitted charged pions employed in this study were created in a nuclear

emulsion (Em) experiment in which the plates were exposed to 16O ions at an energy
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of 3.7AGeV. The distinctive features of the charged pion multiplicity distributions

(MDs) obtained in 16O–Em collisions will be used to discuss collision centrality. The

currently popular higher moments are much more susceptible to statistical changes

and physical e®ects. The authors of Ref. 13 proposed that experimental measure-

ments be used to evaluate the empirical relevance of higher-order moments. Higher

moments include those associated with °uctuations, skewness, and factorial

moments. Such information can be obtained using event-by-event analysis. The

STAR Collaboration has recently published measurements on the higher-order

cumulants and correlation functions of net-proton (proton) MDs up to the fourth

order in Au+Au collisions at the collision energy of the RHIC experiment14–16 while

these measurements are extended to the ¯fth and sixth orders (also known as hyper-

orders) and are reported in Refs. 17 and 18. To examine the net-proton cumulants for

central and peripheral Au+Au collisions as a function of energy, these collisions are

further separated into centrality classes based on their impact parameters. We will

also look at the measurements of higher-order moments for the pion MDs produced

in di®erent target sizes.

2. Analysis Method

The correlations of the system are all included in the MDs of multiparticle collisions

in an integrated form. The moments or generating functions of the random variables,

along with their probabilities can describe any MDs. Moments are calculated as

derivatives of the generating function at a position that is extremely close to the

singularity, making moment analysis a potent and sensitive method for revealing the

structure and microscopic details of MDs.19

2.1. Moments and cumulants of a probability distribution

Consider a random variable X with a real value and its probability density fðXÞ.
The nth order moment of X is de¯ned as

�n ¼ hXni ¼
Z 1

�1
xnfðxÞdx: ð1Þ

When this expected value occurs, the moment-generating function of X is

MXðkÞ ¼ hekXi; k 2 R: ð2Þ

This function, also known as the characteristic function, was constructed to allow for

the easy determination of all the distribution's moments. Using Eq. (1) in the series

expansion of ekX, Eq. (2) can be written as follows20:

MXðkÞ ¼
X1
n¼1

�n

kn

n!
; with �n ¼ dnMXðkÞ

dkn

����
k¼0

: ð3Þ
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The cumulant-generating function is used to de¯ne the cumulants of a random

variable X : KXðkÞ ¼ logðMXðkÞÞ ¼ loghekXi. The Taylor expansion of the cumu-

lant generating function yields the cumulants kn once more

KXðkÞ ¼
X1
n¼1

kn
kn

n!
; with kn ¼ dnKXðkÞ

dkn

����
k¼0

: ð4Þ

The ¯rst cumulant represents the expected value (also known as the mean), while the

second and third cumulants, respectively, represent the second (variance) and third

centered momenta.

2.2. Factorial moments of MDs

MDs can be characterized in terms of the probabilities P to generate n particles at

energy E or by the moments of these distributions.21 The formulas below provide the

standard Factorial Moments of a MD (Pn)

Fq ¼ hnðn� 1Þ . . . ðn� qþ 1Þi
�

X
n

nðn� 1Þ . . . ðn� qþ 1ÞPn: ð5Þ

The relevance of Factorial Moments stems mostly from the fact that they can be

obtained from the generating function GðzÞ; theoretically, this is easier to manage

than multiplicity itself.22,23 One has

Fq ¼
dqGðzÞ
dzq

����
z¼1

; GðzÞ ¼
X
n

znPn; ð6Þ

which one must generalize to continuous or fractional values of q.

The Poisson distribution24,25

Pn ¼ 1

n!

d

dz

� �
n

GðzÞ
����
z¼0

¼ hnine�hni

n!
; ð7Þ

can be obtained by reversing the generating function GðzÞ in Eq. (6).

As a result, the distribution is wider (narrower) than the Poisson one and Fq is

greater (smaller) than unity if the produced particles are correlated (anticorrelated).

To properly normalize Pn, 1 ¼ G(1) is necessary, and the average multiplicity is

given by

hni ¼ d

dz
GðzÞ

����
z¼1

: ð8Þ

The second Mueller correlation parameter, f2, grows linearly with hnið¼ P
nnPnÞ, as

predicted by the Mueller–Regge approach.26 This parameter is speci¯ed in terms of

the moments hniq as
f2 ¼ hn2i � hnið1þ hniÞ; f poisson

2 ¼ 0: ð9Þ
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The °uctuations grow in direct proportion to the multiplicity. The normalized

standard moments Cq are de¯ned as follows to prevent the °uctuations from naively

increasing in multiplicity:

Cq ¼
hnqi
hniq ; q ¼ 1; 2; 3; 4; ð10Þ

where

hnqi ¼
X1
2

nq �n

�inel

� �
;

with n standing for the number of particles produced in an event, and hni being the

average multiplicity, �n denotes the partial cross-section for creating a state of

multiplicity n and �inel denotes the total inelastic cross-section.

Factorial moments are usually not measured.27 More common are the central

moments

�1 ¼ hni ¼ M ; ð11aÞ
�2 ¼ hn2i � hni2 ¼ �2; ð11bÞ
�3 ¼ hðn� hniÞ3i; ð11cÞ
�4 ¼ hðn� hniÞ4i ð11dÞ

or their derived characteristics: the skewness (de¯ned as the third-order moment

normalized to �3)

S ¼ �3

�
3=2
2

ð12Þ

and the kurtosis (de¯ned by the normalized fourth-order moment �3)

� ¼ �4

�2
2

� 3: ð13Þ

Using the above cumulants (moments), one can calculate the variance, �2 the

skewness, S and kurtosis, K, for experimentally measured charged pion MDs at

di®erent centralities in the current study. According to Ref. 28, the errors of these

moments are estimated. The signi¯cance of these various moments is further dis-

cussed in Ref. 19.

3. Experimental Technique

For this study, stacks of the NIKFI-BR-2 emulsion were subjected to a beam of 16O

ions with an energy of 3.7AGeV at the Dubna Synchrophastron in Russia. We used

an 850056 STEINDORFF microscope to scan the emulsion pellicles using the \along-

the-track" scanning method. The experimental methodology is described in greater

detail in Refs. 29 and 30. According to the terminology used in the emulsion

experiments,31,32 we closely followed each beam track for 5 cm or until it encountered
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emulsion nuclei. According to their ionization range and velocity, the secondary

charged particle tracks produced by each collision were divided into the following

categories:

(1) Shower (s-) particles are relativistic secondary particles with a single charge and

a velocity greater than 0.7c. These particles primarily consist of pions produced

by the interactions, but they also include some fast protons that have not yet

interacted. The letter ns represents their multiplicity.

(2) Gray (g-) particles have an emulsion range of L � 3mm and a velocity of

0.3c � v � 0.7c. These tracks are mostly caused by protons with kinetic energies

of 26 < T < 400MeV, as well as deuterons, tritons and slow mesons. Ng repre-

sents the mul tiplicity of these fast target protons.

(3) Black (b-) particles have a velocity less than 0.3c and a range L < 3mm,

equivalent to a proton with a T � 26MeV. The majority of these are created by

the evaporation of the residual target nucleus. The symbol Nb denotes the

abundance of these slow target protons. In each event, the gray and black tracks

are referred to as heavily ionizing particles with v � 0.7c.Nhð¼ Ng þNbÞ denotes
their multiplicity.

The separation of events into ensembles of collisions of distinct projectiles

with hydrogen (H), light nuclei (CNO) and heavy nuclei (AgBr) is required by an

event-by-event analysis. Typically, events with Nh � 1 are classi¯ed as collisions

with hydrogen. CNO events are those that produce two to seven heavy tracks.

Collisions with heavy nuclei produce Nh � 8 events, which certainly belong

to AgBr collisions. Using a KSM-1 nuclear track measuring microscope,33 exact

angular measurements of the emitted projectile fragments (PFs) and their charges

were conducted.

The charges Z � 2 of individual PFs were found in each event by combining

di®erent approaches34 such as grain, gap and �-ray densities. References 35 and 36

supply more information on the charged determination of PFs. The total charge of

the PFs Q ¼ P
NiZi was also computed in each event, whereNi denotes the number

of fragments with charge Zi in the events. The quantity Q is a useful experimental

parameter for categorizing nucleus–nucleus (A–A) collisions according to their

centrality. As the value of Q increases, centrality decreases. For our experimental

events, we have estimated the statistical error related to the typical multiplicities of

the shower tracks. Based on the sample standard deviation, the errors considered

here are estimates.

4. Experimental Results

4.1. Multiplicity distributions

For many years, researchers have investigated the MDs of particles produced in

relativistic heavy ion collisions because it can serve as a probe of the dynamics
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involved in the particle creation mechanism. The MDs of the generated hadrons are a

fundamental quantity in describing high-energy inelastic collisions. The information

regarding multiparticle correlation is contained in the MDs in its integrated form. It

is also a broad and sensitive method for probing the dynamics of interactions. Many

results on the MDs of shower particles, which are predominantly pions, in nucleus–

nucleus collisions utilizing nuclear emulsion track detectors, have been reported.37–39

Initially, the multiplicity measurements and later analysis were based on 1875 ran-

dom events assembled from more recent 16O ions at 3.7AGeV data. The experi-

mental average multiplicities of showers, hnsi and heavily ionizing particles, hNhi, for
16O–Em collisions at various energies (2.1–200AGeV)40 are displayed in Table 1.

The ¯ndings in Table 1 should be underlined as an improvement over the early data

(706 events) published by one of our authors in Ref. 40. The dependence of our hnsi
and hNhi results on the interaction centrality degrees represented by the value ofNh,

as described in Ref. 41, is investigated further in Table 2 for Nh8, Nh � 8 and

Nh �28. As a result, as the Nh� value increases, so does the average value of ns,

suggesting that the colliding system prefers more central regions.

To reinforce what is extracted in Table 2, we may classify the primary constituent

materials present in the emulsion which has e®ective mass number 70, into three

broad target groups based on the heavy tracks (Nh): hydrogen (H), light nuclei

(CNO) and heavy nuclei (AgBr), with e®ective mass numbers 1, 14 and 94, re-

spectively.42,43 So, the average multiplicities of hnsi and hNhi for the present data

emitted in the collisions of 16O ions with H, CNO, AgBr and Em together with the

corresponding values for p–Em,44 12C–Em,45 22Ne–Em (3.3AGeV)46 and 28Si–Em45

at the same incident energy are displayed in Table 3.

Table 1. Mean values of ns and Nh for 16O–Em collisions at

various energies.

Energy (AGeV) hnsi hNhi Ref.

2.1 5.9 � 0.3 9.3 � 0.6 40

3.7 10.7 � 0.3 11.2 � 0.3 Present work
14.6 20.3 � 0.8 10.4 � 0.4 40

60 40.7 � 2.0 9.4 � 0.5 40

200 57.3 � 3.1 7.4 � 0.4 40

Table 2. Mean values of ns and Nh in 3.7A GeV
16O–Em collisions at di®erent centrality degrees
(Nh-regions).

Nh-regions hnsi hNhi

Nh < 8 7.15 � 0.25 4.38 � 0.16
Nh � 8 16.42 � 0.57 21.12 � 0.73

Nh � 28 24.63 � 1.61 34.45 � 2.26
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From Tables (1)–(3), the following conclusions can be drawn:

(i) Although as shown in Table 1, hnsi is mostly decided by the energy, Table 2

shows that hnsi is also decided by the size of the target nuclei. For collisions

with projectiles of comparable or greater mass than the target nucleus,

Dabrowska et al.48 saw a decrease in the number of target fragments with

increasing centrality. Due to intranuclear interactions, a considerable number

of involved protons from the target nucleus gain enough momentum to be-

come relativistic as the collision becomes more central.

(ii) For a given target in Table 3, while hNhi (target fragments) is una®ected by

the incident projectile mass number (AP ), hnsi (produced pions), increases as

AP increases.

(iii) The average multiplicities of hnsi and hNhi in Table 3 for di®erent projectile

masses (Ap) at di®erent impact parameters (di®erent target sizes) show that

these values increase as Nh increases (decreasing impact parameter), while in

the case of p–Em interaction hnsi is quite independent of Nh. According to

Ref. 44, there is no noticeable meson formation in the secondary process, and

the relativistic particles are ejected with an increase in the impact parameter

following scattering.

Table 3. Mean values of ns and Nh for separate groups of events found in

3.7AGeV 16O–Em collisions compared to the corresponding values of p–Em,
12C–Em, 22Ne–Em and 28Si–Em collisions at the same incident energy.

Projectile Target hnsi hNhi Ref.

p H – – 44
CNO (Nh < 7) 1.68 � 0.03 � 2.60

Em 1.63 � 0.02 6.53 � 0.13

AgBr (Nh �7) 1.55 � 0.04 � 13.12

12C H 0.66 � 0.05 0.40 � 0.07 45

CNO 4.80 � 0.14 2.83 � 0.12

Em 8.50 � 0.50 9.10 � 0.40

AgBr 10.80 � 0.19 16.10 � 0.34

16O H 3.60 � 0.28 0.49 � 0.04 Present work

CNO 6.50 � 0.24 4.38 � 0.16

Em 10.73 � 0.25 11.23 � 0.26
AgBr 16.42 � 0.57 17.99 � 0.62

22Ne H 2.10 � 0.16 0.52 � 0.03 46

CNO 4.46 � 0.37 4.31 � 0.16
Em 9.98 � 0.35 10.08 � 0.36

AgBr 19.14 � 0.86 21.43 � 0.82

28Si H 4.77 � 0.39 0.41 � 0.03 47
CNO 7.06 � 0.38 3.77 � 0.22

Em 12.90 � 0.40 11.60 � 0.13

AgBr 21.29 � 0.88 17.39 � 0.72
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The examination of charged particle MDs is critical in obtaining preliminary infor-

mation on the underlying particle creation mechanism, while the correlations supply

speci¯cs on the dynamics. Earlier research49 on the production of pions in nucleus–

nucleus collisions at about Elab ¼ 1AGeV found that pions interact very strongly with

surrounding nucleons. Once created, they may be rescattered or reabsorbed. Two

variables have a signi¯cant impact on the likelihood of pion reabsorption. First, it is

determined by the location of the pion. Second, it is determined by the pions' mean free

path. In concept, this quantity is decided by pion energy and nuclear density.

In the following, we have investigated the MDs of pion production in nucleus–

emulsion collisions using 12C, 16O and 28Si projectiles at incident energy 3.7AGeV as

well as 22Ne at incident energy 3.3AGeV.35 The MDs of the produced pions have been

displayed in Figs. 1(a)–1(d) for 12C–Em, 16O–Em, 22Ne–Em and 28Si–Em collisions,

respectively. The MDs for all the projectiles examined in Figs. 1(a)–1(d) have been

¯tted using the well-known Gaussian distribution function, which is depicted by the

solid curve. The Gaussian distribution is a statistical probability function with a

straightforward and visually appealing physical interpretation. These ¯gures show that

the tail of the distribution extends to signi¯cantly greater values of ns. This clearly

shows that when projectile energy and mass number of the projectile nucleus increase,

more relativistic charged particles (produced pions) are created, con¯rming the energy-

to-mass conversion. This conclusion, as given in Ref. 50, is consistent with our ¯ndings.

The mean multiplicity of charged pions is a®ected by the projectile mass number,

as was found in earlier research.51 A power-law relation of the form hnsi ¼ aAb
P well

described this dependence Accordingly, Fig. 2 illustrates how average multiplicity,

(a) (b)

Fig. 1. (a)–(d) The MDs of pion production, ns in nucleus–emulsion collisions using 12C, 16O and 28Si

projectiles at incident energy 3.7AGeV as well as 22Ne at incident energy 3.3AGeV.
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hnsi using data from Table 3 for emulsion, varies with the mass number AP . The

relation hnsi ¼ 1:5 A0:629
P has parameterized this variation. This relationship is

consistent with what has been published in this regard. It was found that for AP at

an energy of 3.7AGeV, the power (slope parameter) is about 0.37 for interactions

with CNO target nuclei,50 0.5 for interactions with Em target nuclei,49,53 and 0.66 for

interactions with AgBr target nuclei.52 While this power for AP with di®erent en-

ergies is approximately 0.86.8 These ¯ndings prove that projectile and target mass, as

well as incident projectile energy, have an in°uence on hnsi.54,55

(c) (d)

Fig. 1. (Continued )

Fig. 2. Variation of hnsi as a function of projectile mass number, Ap.
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Figure 3 compares the current sample of 3.7AGeV 16O–Em interactions to the

3.7AGeV p–Em interactions presented in Ref. 44. The dependence of the average

multiplicity hnsi on the heavily ionizing particles Nh can be represented by straight

lines with a positive slope for 16O–Em and a negative slope for p–Em. The best ¯ts for

these linear relationships are hnsi ¼ 0:72Nh � 2:66 for oxygen–emulsion and hnsi ¼
�0:03Nh � 2:0 for proton–emulsion.44

As a result, the correlation between hnsi and Nh in 16O–Em interactions is strong

and positive, while in p–Em interactions, it is weak and negative.

Information about the collision mechanism may be gleaned from measurements of

the total multiplicity of charged particles, their distribution in pseudorapidity space

(angular dependence), and their e®ects on collision centrality and energy. On the

other hand, the initial geometry of the strongly interacting matter produced in a

heavy-ion collision helps to identify the observables sensitive to its properties.

The initial geometry can theoretically be determined by factors like the impact

parameter (b), the quantity of binary nucleon–nucleon collisions (Ncoll) and the

quantity of participating nucleons (Npart).
56 Experimentally, the measured multi-

plicity of newly created charged particles can be used to de¯ne collision geometry.

The degree of centrality of an event can be calculated geometrically by knowing the

impact parameter b between the centers of two colliding nuclei. This parameter

controls the number of interacting nucleons from the projectile and target nuclei.

Events with an impact parameter b ¼ 0 are known as pure central collisions. Creat-

ing selection criteria for central collisions becomes crucial because the impact pa-

rameter cannot be measured experimentally in emulsion studies.57 Heckman et al.58

de¯ned central events as interactions that do not involve projectile fragmentation

(Q ¼ 0). In emulsion experimental technique, however, the Nh information is typi-

cally employed to obtain a sample of central events.59 The Nh-distribution has been

Fig. 3. Dependence of hnsi on Nh in 16O–Em collisions at 3.7AGeV. Solid line stands for the best ¯t for

the experimental points. Dashed line is the corresponding dependence in p–Em collisions42 at 3.7AGeV.
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seen to be energy independent over a wide range of energies in hadron induced

(nucleon–nucleus) interactions. Furthermore,Nh was found to be strongly correlated

to the centrality of the event. The same is true in recent investigations that use heavy

ions as projectiles (nucleus–nucleus interactions).2,41,46

Based on the foregoing, the 16O–Em interactions studied in this paper have been

grouped into groups of events with varying degrees of centrality. In the ¯rst instance,

we choose to be this degree by the value of Nh, so that as the interaction becomes

more central, the value ofNh grows. As a result, we divided the current data into two

major group of events with 2 � Nh < 8 and Nh � 8. To investigate the centrality of

events further, the latter is separated into three subgroups of events: 8 � Nh � 15,

16 � Nh � 27 and Nh � 28. The examination of the PFs of the colliding nu-

clei supplies more information about the collision geometry. However, in the second

scenario, we investigate the e®ect of the impact parameter, which is represented by

the value of Nh on Q, which characterizes the volume of the projectile nucleus that is

not overlapping the target nucleus. Centrality decreases as the value of Q increases,

and vice versa.

As a result, we show the experimental MDs of shower particles, P ðnsÞ, produced
in 16O–Em interactions at 3.7AGeV for di®erent centrality groups of events in

Figs. 4(a)–4(g). The Gaussian distribution is used to ¯t the experimental data in this

¯gure. In the ¯rst case of 2 � Nh < 8 (peripheral interactions), where the projectile

and the target nuclei are far apart and only a minor momentum is transmitted to the

interacting nuclei, the production of ns in Fig. 4(a) decreases with increasing mul-

tiplicity. While in the second case of Nh � 8 (events of 16O–AgBr interactions),

PðnsÞ in Fig. 4(b), which is represented by a solid curve, increases in its tail.

(a) (b)

Fig. 4. MDs of charged pion produced in 3.7A GeV 16O–Em collisions and the corresponding Gaussian
distribution for di®erent group of events: (a) 2 � Nh < 8, (b) Nh � 8, (c) 8 � Nh � 15, (d) 16 � Nh � 27,

(e) Nh � 28, (f) Q ¼ 0 and (g) Nh � 28 with Q ¼ 0.
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As shown by the dashed curves, this ¯gure may depict contamination of two dis-

tributions caused by semi-central and central interactions. This prompts us to ex-

amine the centrality degree in the cases of 8� Nh � 15, 16� Nh � 27 andNh � 28 in

Figs. 4(c)–4(e), where we found the emission of shower particles tends to vary with

the target size (that is, with the impact parameter referring to the Nh parameter)

and, as previously mentioned, with the parameter Q.

However, it is now possible to investigate the pure central collisions in the last two

cases of Q ¼ 0 (Fig. 4(f)) and Nh � 28 with Q ¼ 0 (Fig. 4(g)). It is obvious that the

central selection criteria of adding the parameter Q ¼ 0 to the high degree of target

destruction Nh � 28 is the best. This notion has previously been supported by Ref. 2.

The current charge distribution of the PFs for the entire sample is depicted in

Fig. 5. The net charge yield distribution has a J-shaped curve. The most central

events (violent collisions) lead the curve to slope downward at ¯rst, but semi-central

events enable it to begin to rebound, and peripheral events (gentle collisions) cause it

to reach a level beyond its starting point. For further analysis, the impact of the

(c) (d) (e)

(f) (g)

Fig. 4. (Continued )
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degree of centrality showed by the value of Nh on the total charge of the PF for

events with Nh < 8, Nh � 8 and Nh � 28 is shown in Figs. 6(a)–6(c), respec-

tively. In Fig. 6(a), we observed that in the peripherality of 16O–CNO interactions

where Nh < 8, the distribution of Q increases until Q ¼ 6 and then begins to de-

crease, showing a link between Q and the gentle low-temperature processes.60 While

in Fig. 6(b), we found that in the weakly and strongly central of 16O–AgBr inter-

actions where Nh � 8, the charge yield distribution decreases with Q showing the

violent-high temperature processes. The strongly central of 16O–AgBr interaction,

Fig. 5. The yield distribution Q and the corresponding Gaussian distribution for the total sample.

(a) (b) (c)

Fig. 6. (a)–(c) The yield distribution Q and the corresponding Gaussian distribution for events having

Nh < 8, Nh � 8 and Nh � 28, respectively.
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which con¯rms the condition of complete overlap of colliding nuclei if

Aproj: << ATarget,
40 is investigated in Fig. 6(c) for the latter case of Nh � 28. The

exponential decay shape with a maximum value at Q ¼ 0 (when all oxygen con-

stituents take part in the collision) is clearly the distinguishing feature of the charge

yield distribution.

4.2. Multiplicity moments of MDs

To investigate the underlying correlations, the di®erent moments of the MDs (the

standard moments, the factorial moments, and the Mueller moments) can be de¯ned

in the standard way.22,61 The °uctuations increase in line with the multiplicity. We

can therefore reduce the °uctuation that an irrationally rising multiplicity causes by

using the energy–independent reduced moments Cq (Eq. (10)). Table 4 displays the

Cq moments with order q ¼ 2–5 as well as the second Muller correlation parameter f2
(Eq. (9)) of the current charged pion particle multiplicity for various event centrality

groups. It is obvious that, regardless of Nh groups, all values of Cq increase with q

order, while the e®ect is weak in the last group of events (Nh � 28 & (Q ¼ 0)), or

rather, in the last cases characterized by centralization. Multiplicity moments C3, C4

and C5, on the other hand, show a decrease in value as the centrality measured by the

Nh parameter increases. It can also be seen that the calculated values of the second

Mueller moment, f2 for all the various groups of events in Table 4 are positive,

showing that the shower particles are emitted in a correlated manner.

Higher-order moments28,62 are much more sensitive to physics e®ects as well as

statistical °uctuations. Beyond the width of the distribution function, the higher

moments are more sensitive to its shape. The mean (M ¼ hnsi), variance (s2),

skewness (S) and kurtosis (K) can all be used to characterize unique features of the

MDs. These moments are de¯ned in Eqs. (11)–(13), are calculated and tabulated in

Table 5 for the shower particle MDs emitted in p–Em,44 12C–Em,37 16O–Em, 22Ne–

Em44 and 28Si–Em37 interactions at 3.7AGeV. The mean and variance values are

found to increase as the incident mass of the projectile increases. The skewness, S,

values calculated for all interactions in Table 5 are all positive, showing that the data

are right and highly skewed. Furthermore, apart from the current distribution of
16O–Em, all values of the kurtosis, K, are found to be less than three, indicating that

Table 4. The Cq moments and the second Muller moment, f2 values of shower particle multiplicity for
di®erent centrality groups of Nh in 16O–emulsion collisions at 3.7AGeV.

C2 C3 C4 C5 f2

All Nh 1.57 � 0.04 3.15 � 0.07 7.31 � 0.17 18.45 � 0.43 62.51 � 1.44

Nh < 8 1.50 � 0.06 2.88 � 0.11 6.59 � 0.25 17.19 � 0.65 14.92 � 0.56

Nh � 8 1.32 � 0.05 2.07 � 0.07 3.58 � 0.12 6.68 � 0.23 70.61 � 2.4

Nh � 28 1.09 � 0.07 1.25 � 0.08 1.52 � 0.10 1.91 � 0.13 25.49 � 1.69
Q ¼ 0 1.07 � 0.08 1.22 � 0.09 1.47 � 0.11 1.07 � 0.08 26.94 � 1.98

Nh � 28 & (Q ¼ 0) 1.06 � 0.10 1.18 � 0.88 1.39 � 0.13 1.72 � 0.17 20.68 � 1.99
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the distributions are platykurtic with shorter and thinner tails, whereas the current

distribution with K greater than three is leptokurtic with longer and °atter tails.

Increased kurtosis is associated with the probability mass shifting from the dis-

tribution's shoulders to its center and tails. The multiplicity °uctuations, on the

other hand, have been characterized by the scaled variance (!) of the MDs, de¯ned

as the variance-to-mean ratio, �2

M

� �
.25,61 Multiplicity °uctuations include both sta-

tistical (random) and dynamical (deterministic) components.6 Table 5 also shows the

size of the °uctuations, which is quanti¯ed in terms of the scaled variance. This table

shows that the values of the scaled variance are less than unity, showing that the

MDs are narrower than the Poissonian distribution. The shower particles are thus

anti-correlated.

Table 6 computes the various order moments for the MDs of shower particles

emitted in 3.7AGeV 16O–Em collisions at di®erent target sizes (Nh-values). Table 6

also shows the scaled variance, !, as well as the mean total charge of the PFs, hQi, for
each Nh interval. As a result, the target size in°uences the mean and variance. The

data in the peripheral (2 � Nh � 7) and semi-peripheral (8 � Nh � 15) collisions

appear to be highly skewed, while the data in semi-central and central collisions

appear to be moderately skewed. The excess kurtosis values for all target sizes are

negative, showing that the tails of MDs are shorter and thinner than the standard

normal distribution. Because the scaled variance values are less than one, the emitted

shower particles are anti-correlated. Table 6 also shows that the impact parameter

Table 5. Mean (¼ hnsi), variance (�2), skewness (S), kurtosis (K) and scaled variance (!) for shower

particle multiplicity in p–Em, 12C–Em, 16O–Em, 22Ne–Em and 28Si–Em interactions at 3.7AGeV.

Projectile No of

events

M �2 S K Excess (K�3) ! ¼ �2

M Ref.

P–Em 2576 1.63 � 0.02 0.96 � 0.02 ��� ��� ��� 0.59 44
12C–Em 819 9.02 � 0.32 7.16 � 0.07 0.97 � 0.09 0.29 � 0.17 �2:71 0.79 37
16O–Em 1875 10.73 � 0.25 9.22 � 0.05 1.51 � 0.06 4.73 � 0.11 1.73 0.86 Present

work
22Ne–Em 3812 11.61 � 0.19 10.87 � 0.04 1.30 � 0.04 1.10 � 0.08 �1:90 0.94 37
28Si–Em 1209 12.90 � 0.37 12.48 � 0.07 1.47 � 0.07 1.87 � 0.14 �1:13 0.97 37

Table 6. Values of di®erent order moments (M , �2, S and K) as well as the scaled variance, ! of ns MDs

and the average total charge of the PFs, hQi at di®erent target sizes (Nh-values) in
16O–Em interactions at

3.7AGeV.

Nh M �2 S K Excess (K�3) ! ¼ �2

M hQi

2–7 7.15 � 0.27 5.22 � 0.06 1.11 � 0.09 0.70 � 0.17 �2:30 0.73 5.78

8–15 9.56 � 0.54 5.90 � 0.10 1.40 � 1.38 1.86 � 0.28 �1:14 0.62 5.01
16–27 17.15 � 1.00 8.80 � 0.12 0.59 � 0.14 0.41 � 0.28 �2:59 0.51 2.64

� 28 24.63 � 1.61 7.93 � 0.23 0.32 � 0.16 0.66 � 0.32 �2:34 0.32 0.61
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in°uences the mean total charge of the PFs, with hQi decreasing as collision cen-

trality increases.

The analysis of fragments of colliding nuclei provides more information about the

collision geometry.63 Nucleons from interacting nuclei are divided into two groups:

those that take part in an inelastic collision with at least one nucleon from the

opposing nucleus (participants) and those that do not (spectators). Participants

generate secondary particles that are detected by detectors. Nucleon-spectators are

nucleon fragments formed by colliding nuclei.64 The overlap of the interacting nuclei

should increase as the total fragment charge decreases. As a result, fragmentation

analysis should signi¯cantly improve the accuracy of estimating the initial state

parameters of the interaction.

In Table 6, we investigated the various order moments at various target sizes

(Nh-values). In Table 7, we will examine the various order moments of shower

particles emitted in 16O–Em interactions at 3.7AGeV at various centrality classes

de¯ned by the parameter Q, the total charge of noninteracting PFs. Table 7 cal-

culates and displays the values of various moments (M , �2, S andK), scaled variance

(! ¼ �2/MÞ and hNhi. Table 7 also shows the current total hnsi in 16O–Em collisions

in comparison to hnsi in p–Em (de¯ned as R ¼ M/1.63) at the same incident energy,

as well as the calculated average number of interacting nucleons de¯ned as hNinti ¼
A – A

Z Q (¼ 16 – 2 Q) for the current projectile nucleus.65

From Table 7, we can deduce the following:

(1) In general, the ¯rst (M ¼ hnsi) and second (�2) moments of shower MDs as well

as the mean of heavily ionizing particles (hNhiÞ increase as the degree of cen-

trality of the collisions increases (that is, for collisions with a lower Q-value).

(2) The degree of centrality has a signi¯cant e®ect on both the mean number of

interacting nucleons (hNintiÞ and the ratio R (¼ M=1:63), lending support to the

theory of superposition on nucleons. Furthermore, the participant model, which

treats nucleus–nucleus collisions as superpositions of nucleon–nucleon interac-

tions, can be used to estimate the multiplicity °uctuation described in Ref. 66.

(3) The variance equals the mean value for the Poissonian distribution. As a result,

the measured scaled variance, ! of the MDs, which measure the multiplicity

°uctuations, is not a Poissonian distribution. The scaled variance and Q-values

appear to have a positive monotonic relationship.

(4) The distributions for the most central collision events (with Q ¼ 0) and semi-

central collision events (with Q ¼ 1) in the ¯nal state are right-skewed and thus

the distributions are moderately skewed. Whereas the values of kurtosis in both

cases are less than three, showing that the datasets have lighter tails than a normal

distribution, the distributions are platykurtic, with shorter and thinner tails.

(5) The distributions for the semi-central collisions (with Q ¼ 2 and 3) are also right

skewed and seem to be moderately skewed (S � þ1). Whereas the kurtosis

values are more than three, showing that the distributions are leptokurtic with

longer and fatter tails. Because of its low frequency, the case of Q ¼ 4 is ignored.

Analysis of centrality dependences of pion multiplicity events using their higher moments
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(6) The distributions for the semi-peripheral collisions (with Q ¼ 5 and 6) and pe-

ripheral once (with Q ¼ 7 and 8) are both positively and highly skewed (S > þ1).

Whereas the kurtosis values in both cases are larger than three, showing that the

tails of distributions become heavier than a normal distribution.

5. Statistical and Systematic Uncertainties

Systematic errors can be brought on by the scanning process, the fading of tracks, the

nuclear emulsion's insensitivity, the existence of background tracks, the detection of

PFs, and shower particles. These are the causes of the systematic errors in nuclear

emulsion detectors.67

The majority of interactions were located using the \along-the-track" scanning

technique because of its high detection e®ectiveness and the fact that it o®ers reliable

event samples. In the forward direction, the scanning was done swiftly, and in the reverse

direction, slowly. Two di®erent observers looked at each plate in order to minimize biases

in the detection, counting, and measurement processes. According to this approach, we

can achieve a scanning e±ciency of more than 99%. As a result, less than 1% of the

systematic uncertainties are attributable to the scanning and measurement processes.

In order to increase the e®ectiveness of detecting nuclear emulsion tracks, Alex-

androv et al. conducted a study.68 In the current experiment, the emulsion stacks'

development caused an average shrinkage factor of 2.2. By evaluating the grain

density of the minimum ionizing particle track, the plates' sensitivity is evaluated. Its

measurement yields an average value of 28 grains per 100mm.

The majority of the shower's particles (more than 90%) are pions31,32,69 with

kinetic energies (KE) greater than 70MeV. They move with a relative velocity of

� � 0:7. According to the ¯ndings of Adamovich et al., pions are thought to make up

the majority of generated particles.69 They view the shower's particles as pions.

Protons, baryons andK-mesons have a contamination of no more than 10% at most.

The projectile beam, target nucleus and incident energy all have an impact on the

extent of contamination brought on by the presence of kaons and hyperons.

The inability of the nuclear emulsion track detector to distinguish between pions

and other mesons or hyperons is another source of systematic uncertainty.70 Although

the shower particles can balance out the pion generation mechanism's dominance, we

cannot assert that they o®er an accurate evaluation of pions. According to statisti-

cians, the acceptable range for a precise comparison is often set at �2 standard

deviations, much like in a traditional laboratory experiment. The systematic uncer-

tainty in this work does not reach this top limit of standard deviations.

6. Summary

In summary, almost all the energy in A� A collisions at relativistic energies is

deposited in the central region, or the area where two colliding nuclei overlap. This

Analysis of centrality dependences of pion multiplicity events using their higher moments

2350038-19



region is ultimately responsible for the multiple production of newly created parti-

cles. As a result, we investigated the characteristics of multiplicity charged-pions

produced in 3.7AGeV 16O–Em collisions with varying degrees of centrality. To in-

vestigate the connection between collision geometry parameters and centrality de-

gree, we used the two parameters of the target size fragments, Nh and total charge

PFs, Q. The experimental results of the mean values of ns and Nh were compared

with di®erent prior ¯ndings concerning di®erent energies, projectile masses and

target sizes. For each speci¯ed centrality, the various order moments of the charged

pion MD including mean, �2, S and K, which are more sensitive to the shape of the

distribution, as well as the C-moments, are calculated. On the other hand, these

various moments as well as the scaled variance of the current results were compared

with other experimental data for di®erent projectile masses having the same incident

energy. Let us now summarize our ¯ndings.

(1) The projectile mass number, incident energy, and size of the target nuclei all

have an impact on the mean multiplicity of produced charged pions.

(2) When the parameter Nh is present, the values of hnsi and hNhi for di®erent

nucleus–Em collisions increase with decreasing the impact parameter, and we

found that hnsi and Nh have a strong positive correlation in the current 16O–

Em interactions. In contrast to nucleon–Em collisions, where hnsi is completely

independent of Nh, p–Em interactions are observed to have a weak and neg-

ative correlation, which may be due to the lack of detectable meson formation

in the secondary process.42

(3) The MDs of charged pions produced in each of the projectile collisions that were

studied (12C–Em, 16O–Em, 28Si–Em and 22Ne–Em collisions) have been well

¯tted with the Gaussian distribution function, displaying a tail that extends to

noticeably higher values of ns.

(4) In nucleus–emulsion collisions, the mean multiplicity increases with projectile

mass according to a power law relationship of the form hnsi ¼ 1:5 A0:629
P , with

this power varying with target size (i.e., CNO or AgBr).

(5) By classifying the 16O–Em collisions into groups of events with various degrees

of centrality based on the collision geometry, we investigated the centrality of

the events using the parameters Nh, Q, or both. And we found that (i) in

peripheral collisions (CNO-events), the production of ns declines with in-

creasing multiplicity in a decay-shaped curve suggesting a system of production

from a single source. Whereas in central collisions (AgBr-events), the MD,

which may represent the contamination of two distributions brought on by

semi-central and central collisions, grows in its tail; (ii) the best investigation of

the pure central selection criteria is thought to be one that adds events with

Q ¼ 0 to events with a high degree of target destruction and Nh � 28.

(6) The measured values of Cq moments rise with q order regardless of Nh groups,

though the e®ect is less pronounced in situations where centralization is the

case. As the Nh parameter rises, the multiplicity moments (C3, C4 and C5)
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show a decline in value. Additionally, in the current experiment, the second

Muller moment, f2, which is nonzero, shows that the charged pions produce in a

correlated manner.

(7) As the incident mass of the projectile rises, we found that the mean and vari-

ance values rise as well. Consequently, all the examined interactions have

values of scaled variance (also known as relative °uctuation) that are less than

unity, proving the anti-correlation of the produced pions, and their narrower

distribution than the Poisson one. Additionally, we noticed that the scaled

variances decreased as the centrality degree increased. Thus, the multiplicity

°uctuations of the produced pions have been found to closely match the out-

comes of the direct participant model.51

(8) Due to the positive skewness that was measured for the MDs of produced pions,

the asymmetric shape in each of the examined interactions is skewed to the

right in relation to the mean position of the normal distribution. When taking

the centrality degree into account using the Nh-parameter in the current in-

teraction, we observed that the target size has an impact on the skewness value,

where it changes from being highly skewed in the peripherality cases to being

middling skewed in the centrality ones.

(9) Kurtosis, which means varying variance, is the ideal quantity when analyzing

the non-Gaussian °uctuation characteristic. Although the values of excess

kurtosis are all negative when considering the change in centrality degree, the

excess K-values of the current distribution of the entire sample is positive,

showing that the MDs are leptokurtic with longer and °atter tails. The excess

K-values for the other distributions investigated are negative, referring to

platykurtic distributions with shorter and thinner tails.

(10) Our analysis of the higher-order moments at various centrality classes, as de-

cided by parameter Q, revealed that while the ¯rst and second moments in-

creased with the degree of centrality, the relative °uctuation decreased.

Furthermore, the centrality degree in°uences both the mean number of inter-

acting nucleons (¼ 16–2Q) and the ratio R (¼ hnsiO�Em=hnsip�EmÞ, supporting
the theory of superposition on nucleons.

(11) The investigation of the skewness of the charged-pion MDs in di®erent cen-

trality classes, as decided by the Q-values, shows that the distribution is rea-

sonably skewed in the central collisions (at low Q-values), then becomes highly

skewed in the peripheral ones (at high Q-values). In contrast, kurtosis value

analysis shows that the distributions' tails are lighter at low Q-values and

heavier at high Q-values when compared to a normal distribution.

Recently, physics ¯ndings for a certain event centrality class have been addressed in

Ref. 18. Understanding the correlation between the experimentally measured refer-

ence multiplicity distribution and the extracted class of collision centrality is crucial

because the physics of higher-order cumulants and their ratios are thought to be

sensitive to collision dynamics, including collision centrality. It is generally known
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that, particularly at low-energy collisions, quantum °uctuations in particle creation

and °uctuations of the involved nucleon pairs will have an impact on the ultimate

centrality determination.
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